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I t e r a t i v e  methods f o r  t h e  s o l u t i o n  of the steady s ta te  
equi l ibr ium s t a g e  problem are s tudied .  Equations are f i r s t  
developed f o r  c a l c u l a t i n g  t h e  e f f e c t  of a change i n  temperature  
or flow rate on a l l  energy ba lances ,  and then it i s  shown t h a t  
t hese  equat ions  can be used i n  t h e  mul t ip le  v a r i a b l e  form of 
t h e  Newton-Raphson co r rec t ion  process  t o  c o r r e c t  e i t h e r  t he  
temperatures  o r  t h e  flow rates when only energy balance e r r o r s  
are used. S i m i l a r  equataons f o r  material balance errors which 
have been developed previous ly  are then  combined w i t h  t h e  energy 
balance equat ions  t o  provide a method f o r  simultaneous co r rec t ion  
of the temperatures  and t h e  flow rates. Because f i r s t  o rder  
i n t e r a c t i o n s  between flow rates and temperatures  are inc luded  
t h e  method i s  app l i cab le  t o  a wide range of equi l ibr ium s t a g e  
problems. Sample problems are presented ,  and it i s  shown tha t  
quabra t i c  convergence i s  obtained f o r  t h e  simultaneous co r rec t ion  
process  . 
2 
INTRODUCTION 
The s o l u t i o n  of t h e  equi l ibr ium s t a g e  problem i s  of both 
h i s t o r i c a l  and p r a c t i c a l  importance t o  chemical engineers .  Over 
the  years  many methods have been proposed--analytic s o l u t i o n s ,  
g raphica l  s o l u t i o n s ,  and numerical  approximations. In  t h e  l a s t  
few years  there has  been an emphasis on numerical  methods because 
of the a v a i l a b i l i t y  of large computing machines. In a prcvious 
Paper it w a s  po in ted  ou t  t h a t  t h e  computer s o l u t i o n  i s  usua l ly  
stated as t h a t  of f ind ing  a set  of temperatures  and f lov  rates 
which w i l l  s a t i s f y  a l l  material and energy balances.  For a 
system wi th  n s t a g e s ,  t h e r e  are n temperatures  and n flow rates 
t o  be f i x e d ,  and t h e r e  a m  n material  balances and n energ:! balances 
t o  be satisfied.  Direct so lu t ion  i s  no t  poss ib l e ,  and i t e r a t i v e  
methods are used. A t  each s t e p  of the  i t e r a t i v e  process  t h e  
material balance and energy balance e r r o r s  arc reduced by c o r r e c t i n g  
t h e  temperatures  and f l o w  rates. A l i n e a r  co r rec t ion  process  can 
be def ined  as: 
h 
e D m ~   
where (Ct,Cv) i s  a vec tor  conta in ing  t h e  co r rec t ions  t o  be made 
i n  t h e  temperatures  and flow rates, and (D ,D ) i s  a vec to r  con- 
t a i n i n g  t h e  material balance e r r o r s  and energy balance e r r o r s ,  
i s  t h e  co r rec t ion  matrix.  There are many ways i n  which can be 
def ined ,  b u t  i n  t h i s  paper it vi11 be  t h z  Jacobian mat r ix  of the  
m e  
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e r r o r s .  I t  can be shown t h a t  the Jacobian rnakrix w i l l  g ive 
quadra t i c  convergence i n  t h e  v inc in ty  of t h e  solution, and this 
i s  t h e  m o s t  rapid convergence poss ib l e  w i t h  a l i n e a r  co r rec t ion  
process . 
can be p a r t i t i o n e d  i n t o  four  nxn matrices, 
V 
E 
c I =  
I t  was shown i n  re ference  (1) t h a t  E& i s  the only co r rec t ion  
needed f o r  t h e  cons tan t  molal  overflow problem and EV i s  t h e  orlly 
co r rec t ion  needed f o r  t he  constant  temperature e x t r a c t i o n  problem, 
Equations f o r  E t  - and gv are summarized i n  Table 1. Two minor 
modif icat ions should  be noted. One i s  t h a t  t h e  Equation for 
svj is  w r i t t e n  i n  a d i f f e r e n t  bu t  equ iva len t  form. 
i s  t h a t  the normalizat ion matr ix  N has n o t  been included i n  t h e  
equat ion for E . T h i s  po in t  w i l l  be discussed l a t e r .  
The second 
-V 
In  t h i s  paper the  equat ions f o r  Zt and J w i l l  be derived. 
-V 
I t  w i l l  then  be shown t h a t  they  can be used s i n g l y  for  c e r t a i n  
problems or  combined w i t h  Et and Sv t o  provide simultaneous 
quadra t i c  convergence of temperatures and flows. Because lJtand ZV 
are based on t h e  energy balance errors, it i s  f i rs t  necessary 
t o  ob ta in  an expression for  t h e  energy balance and t o  de f ine  t h e  
error measures which w i l l  be used. 
. I  
4 
TEMPERATURE CORRECTION U S I N G  ENERGY BALANCE ERRORS 
If t h e r e  i s  no s h a f t  work, and i f  k i n e t i c  and p o t e n t i a l  
energy effects a r e  n e g l i g i b l e ,  the energy balance erwr can 
be w r i t t e n  i n  v e c t o r  form as: 
De = - L € I + V G + Q + Q f  - ( 3 )  
where H and G are l i q u i d  and vapor enthalpy v e c t o r s ,  Q i s  the  
vec tor  of h e a t  exchange with the surroundings,  and Qf i s  t h e  vec to r  
of feed en tha lp i e s .  A t  t he  s o l u t i o n  t o  t h e  equi l ibr ium s t a g e  
problem, I) w i l l  be zero. 
e 
By d e f i n i t i o n  of t h e  Jacobian mat r ix ,  t h e  elements of 
t h e  k t h  column of J are obtained by d i f f e r e n t i a t i n g  Equation 3 
with r e spec t  t o  the temperature i n  t h e  k t h  s tage .  
-t 




( 4 )  
Var9ing k from 1 t o  n will generate  all t h e  coJurnns of Jt, lit, and 
G are def ined  as t h e  matrices whose k t h  columns are i I /a tk)  and -t 
and ( aG/atk) r e spec t ive ly ,  then 
= L I I  + V G  
--t --t J -t (5 )  
T h e  e f f e c t  of temperature on l i q u i d  and vapor enthalpy 
can be evaluated by expressing the  en tha lp i e s  i n  terms of t h e  
p a r t i a l  e n t h a l p i e s  and then d i f f e r e n t i a t i n g  k i t h  r e spec t  t o  
temperature 
where H * j  and G * j  are diagonal  matrices which have as elements 
t h e  p a r t i a l  e n t h a l p i e s  of component j i n  the  l i q u i d  and vapor 
- 
phases. The d e r i v a t i v e s  of Equation 6 and 7 wi th  r e s p e c t  t o  tk are :  
The f i rs t  t e r m  i n  Equations 8 and 9 takes i n t o  account changes 
i n  enthalpy caused by changes i n  composition. 
i s  already known from the  ca l cu la t ions  f o r  E , t  and i s  t h e  k th  
column of ztJ, def ined  by Equation T 1 4  i n  T a b l e  1. 
( a Y ( j ) / a  ) is  t h e  k t h  column of Y j i n  Equation T15, T a b l e  1. 
The v e c t o r  ( a X ( j ) / a t k )  
S imi l a r ly  
k -t 
The second t e r m  i n  Equations 8 and 9 accounts f o r  changes 
i n  p a r t i a l  enthalpy due t o  changes i n  temperature a t  cons tan t  
composition. 
matrices, and t h e  k t h  diagonal  element i s  the  p a r t i a l  enthalpy on 
t h e  kth t ray .  When t h e  p a r t i a l  d e r i v a t i v e  with r e spec t  t o  tk i s  
It w i l l  be recalled t h a t  - I I * j  and - G * j  are diagonal  
6 
taken, t h e r e  w i l l  be only one non-zero term-on t h e  k th  row. 
The product of t h e  d e r i v a t i v e  w i t h  X ‘ j )  w i l l  be a v e c t o r  with 
only one non-zero t e r m .  
By varying k from 1 t o  n i n  equat ions  8 and 9 and assembling 




x j  -4 
= c , (II?* X j + Mj) -t -3 3 7 
The p a r t i a l  d e r i v a t i v e s  i n  Equation 1 2  and 13 a r e  fundamental 
p r o p e r t i e s  of t h e  ma te r i a l s  themselves and are assumed t o  be 
known. For ideal  s o l u t i o n s  the d e r i v a t i v e s  are t h e  b e s t  c a p a c i t i e s  
of the pure components. 
S u b s t i t u t i n g  Equations 1 0  an.d 11 i n t o  Equation 5 gives  t h e  
des i r ed  r e s u l t  f o r  J 
-t 
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A normalizat ion matr ix  has been included i n  Equation 14 
t o  compensate for  t h e  f a c t  t h a t  t h e  mole f r a c t i o n s  used i n  
c a l c u l a t i n g  X 
t h e  compositions should he lp ,  b u t  experience t o  date has  i n d i c a t e d  
j j j  , M3, and M j do n o t  sum t o  one. Normalizing 
4 -t Yt 
t h a t  it has n o t  made much d i f f e rence  i n  t h e  problems tested. 
FLOW RATE CORRECTIONS BASED ON ENERGY BALANCE: ERRORS 
To ob ta in  Zv it is  necessary t o  d i f f e r e n t i a t e  Equation 3 
w i t h  r e s p e c t  t o  t h e  independent flow v a r i a b l e s  , holding tempera- 
t u r e s  constadit. There can be only one independent flow v a r i a b l e  
per  s t a g e  i n  v a r i a b l e  f l o w s .  These v a r i a b l e s  are elements i n  the  
diagonal  ma t r ix  - V*. 
t o t a l  l i q u i d  leav ing  each s t age  i n  v a r i a b l e  flows, called - L*. 
Through the  o v e r a l l  m a t e r i a l  balance,  - L* can be expressed as a 
funct ion of V*, so - L* i s  n o t  an independent var iab le .  
r e l a t i o n  i s  given i n  Equation T21 ,  Table 1, each element i n  R 
being t h e  rate of change of one of t h e  l i q u i d  r a t e s  w i t h  r e s p e c t  
t o  one of t h e  vapor rates. A more complete d iscuss ion  of t h e  
d e f i n i t i o n s  of t h e  flow va r i ab le s  is  given i n  re ference  1. 
There is a corresponding matr ix  for  t h e  
The - 
- 
The k t h  column of J w i l l  be obtained by d i f f e r e n t i a t i n g  
-v 
Equation 3 w i t h  r e s p e c t  t o  t h e  k th  independent flow v a r i a b l e ,  v;, 
a' G )  (15) = B (aL*) 11 + L (-) + A  ( L ) G  + 1 (- 
av * k 
a!! V* aDe 
av k * aV; k 
- - -
av* k av* 
By varying k f r o m  1 t o  n ,  J can be assembled. T h e  r e s u l t  can be 
w r i t t e n  as: 
- v  
= B W  + L H  + W  + V G  
- c -  - -1 V -2 V L -  J - V 
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By comparing Equation 15 with 1 6  the previously undefined matrices, 
W , , W , and - G can be i d e n t i f i e d .  Expressions f o r  each of 
them w i l l  be developed i n  t h e  next  few paragraphs.  
-1 v -2 V 
The columns of W are t h e  product of t h e  diagonal  mat r ix  
*) with the  enthalpy vec tor  H .  I t  was mentioned above t h a t  
-1 
(aL*/  - avk 
t h e  d e r i v a t i v e  of - L* w i t h  r e spec t  t o  vapor flow is given by - R.
Hence, t h e  genera l  element of is: 
W (wlkij) = (r. . h . )  -1 13 1 
The columns of a r e  obtained i n  a s i m i l a r  way, bu t  t h e  
r e s u l t  i s  somewhat s impler  because (hl*/av$) - is  a mat r ix  w i t h  
only one non-zero element,  t h e  diagonal  element i n  t h e  k t h  r o w  
which i s  a 1.0. 
t h e  gene ra l  element; of VI2 is  given by 
Using t h i s  p lus  t h e  d e f i n i t i o n s  f o r  - A and G ,  
I n t e r p r e t a t i o n  of and E2 is  as follows. Each e l emen t  
of W g ives  t h e  change i n  enthalpy of t h e  l i q u i d  ‘leaving s t a g e  i 
for  a change of one u n i t  i n  t h e  vapor leav ing  s t a g e  j. 
Premul t ip l i ca t ion  by 5, which i s  t h e  l i q u i d  flow connection 
mat r ix ,  w i l l  g ive  a matrix f o r  which the  i j  element i s  t h e  change 
i n  enthalpy of l i q u i d  phases e n t e r i n g  and leaving  s t a g e  i for a 
-1 
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u n i t  change i n  vapor flow leaving  s t a g e  j ,  w i t h  temperatures and 
compositions he ld  constant .  'w gives t h e  corresponding t e r m  -2 
f o r  t he  vapor phases,  and is  simpler because t h e  vapor phase 
flows are t h e  independent va r i ab le s .  A t e r m  w i l l  appear i n  
element i j  Only i f  s t a g e  i is  t h e  o r i g i n  or d e s t i n a t i o n  of t he  
flow j which i s  being var ied.  
The o t h e r  t w o  terms i n  Equation 16 a r e  IIv and G and 
-v' 
are t h e  changes i n  enthalpy per  u n i t  m a s s  of m a t e r i a l  for a change 
i n  vapor flow a t  cons t an t  temperature.  T h e  only way t h a t  t h e  
enthalpy p e r  unht mass can change under these  condi t ions  i s  
through a change i n  composition. In  t e r m s  of p a r t i a l  en tha lp i e s  
The e f f e c t  of flow changes on cornposition i s  given by Equations 
T16 and T17 i n  Table 1. I t  then can be shown t h a t  
I t  w i l l  be noted t h a t  no normalizat ion mat r ix  i s  included 
i n  Equation 16. Although compositions are used i n  t h e  c&lcu la t ion  
of S j a n d  Y jexamination of Equations T19 and T20 shows t h a t  the 




vapor composition involved i n  M is  t h a t  f o r  the column. N o  
simple normalizat ion can be made, and t h e  equat ions from reference 
1 which included t h i s  t e r m  have been modified i n  Table 1. 
-2 
SELECTION O F  INDEPENDENT VARIABLES 
I n  t h e  equat ions  developed i n  t h e  previous Sections,  the  
s t a g e  temperatures,  i n t e r s t a g e  f laws,  and phase compositions have 
been t h e  dependent va r i ab le s .  A l l  other v a r i a b l e s  a r e  independent 
and must be f i x e d  before  a s o l u t i o n  is  poss ib le .  An in te rchange  
of an independent and dependent v a r i a b l e  can be made provided 
t h e  column i n  the Jacobian ma t r ix  which corresponds t o  t h e  
dependent v a r i a b l e  being removed i s  changed t o  accommodatethe new 
var iab le .  One very use fu l  interchange which i s  used i n  one of 
t h e  sample problems i s  t o  f i x  the  vapor flow leavinq  a stase, 
and t o  l e t  t h e  h e a t  duty t o  t h a t  s t a g e  become a dependent va r i ab le .  
The change i n  t h e  Jacobian matr ix  i s  simple i n  t h i s  case. The 
e n t i r e  column corresponding t o  t h e  flow be ing  f ixed  i s  set  
equal  t o  zero  except  f o r  t h e  element i n  t h e  row corresponding 
t o  t h e  energy balance f o r  t h e  s t a g e ,  and t h i s  element i s  set t o  
1.0. I n  t h e  co r rec t ion  procedure,  t he  change i n  h e a t  duty t o  t h e  
s t a g e  w i l l  be determined, holding t h e  vapor flow constant .  
The use of t h e  equat ions der ived i n  t h e  l as t  sec t ion  
f o r  the s o l u t i o n  of some sample problems w i l l  be discussed here.  
Resul ts  w i l l  be presented i n  t e r m s  of the  Euclidean norm of t h e  
erpor vec to r s ,  which i s  def ined as: 
11 
1. Stripper-Absorber Problem, In  order  t o  test J a --t 
four-s tage,  s i x  component absorber  problem descr ibed by Ilanson 
( 2 )  as problem 7 was solved by us ing  the c o r r e c t  f law rates i n  
a l l  i t e r a t i o n s  and using J t o  correct the temperatures.  J w a s  -t Y 
t e s t e d  by using t h e  same problem bu t  f i x i n g  the temperatures i n  
a l l  i t e r a t i o n s  and so lv ing  f o r  t h e  flow r a t e s .  Resul ts  a r e  
presented i n  Table 2 ,  and it can be seen t h a t  convergence i s  rap id  
and quadra t ic .  The probaen was also solved using simfiltaneous 
flow and temperature co r rec t ion ,  and t h i s  of course requi red  t h e  
c a l c u l a t i o n  of the  complete Jacobian matrix.  Resul ts  a r e  also  
summarized i n  T a b l e  2 ,  and behavior is very similar t o  t h a t  
w i t h  e i t h e r  flow o r  temperature co r rec t ion  alone, Hanson, using 
t h e  s a m e  s t a r t i n g  va lues ,  requi red  30 i t e r a t i o n s  t o  reduce 
31  and D m 
i n  two i t e r a t i o n s .  
t o  De 
t o  9.6 x lo", no t  q u i t e  a s  good as obtained here 
2. D i s t i l l a t i o n  Problem. The second problem i s  a s i x t e e n  
stage column with f i v e  components. I t  has been s t u d i e d  by Amudson 
( 3 )  and Wang and EIenke ( 4 ) .  They both used an a l t e r n a t i n g  method 
i n  which t h e  temperatures w e r e  cor rec ted  by t h e  material balances 
e r r o r s  and t h e  flows by t h e  energy balance errors. I n  t h e  problem 
statement ,  t h e  vapor product flow r a t e  i s  f i x e d ,  and t h e  condenser 
duty is  t o  be determined. The r e s u l t s  i n  Table 3 were obtained 
using t h e  change of v a r i a b l e  descr ibed i n  t h e  l as t  section, and 
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it i s  e v i d e n t  t h a t  quadra t i c  convergence i s  obtained, The 
m a t e r i a l  balance e r r o r  a t  t h e  t h i r d  i t e r a t i o n  i n  Table 3 i s  
roughly equ iva len t  t o  t h a t  obtained by Amudsom a t  %he t e n t h  
i t e r a t i o n  and by Wang and Henke a t  t h e  f i f t h  i t e r a t i o n ,  More 
s i g n i f i c a n t  than the  number of i t e r a t i o n s  i s  t h e  rate of conver- 
gence near  t h e  s o l u t i o n ,  T h e  simultaneous method is improving 
by orders  of magnitude, while t h e  o the r s  converge much more 
slowly. The slow convergence i s  probably due t o  the  e f f e c t  of 
flow changes on the  material balance equat ions , i nd ica t ed  by the  
f a c t  t h a t  t h e  flow rates obtained by t h e  simultaneous method 
d i f f e r e d  by as much as 5% from t h e  o the r  so lu t ions .  
3.  2lul t iple  Columns. The last prohlem i s  a twelve s t age  
d i s t i l l a t i o n  column with a four  s t a g e  s i d e  s t r i p p e r ,  descr ibed by 
Hanson (2) as problem 9. From Table 4 it can be seen t h a t  
quadra t i c  convergence i s  a l s o  obtained with more complicated flow 
p a t t e r n s  than the  s t r ic t  countercur ren t  ones considered previously.  
Af t e r  three i t e r a t i o n s ,  t h e  e r r o r s  a re  somekhat less than  those 
repor ted  by Hanson a f t e r  32 i t e r a t i o n s .  One a d d i t i o n a l  flow 
v a r i a b l e  mus t  be s p e c i f i e d  i n  a two-column system. I n  Table 4 
t h e  l i q u i d  feed t o  the  second column w a s  t r e a t e d  as  a f ixed  
flow and en te red  i n  L'. 
vergence b u t  is no t  repor ted  i n  Table 4 is  t o  f i x  t h e  r a t i o  of t h e  
amount of l i q u i d  removed from the  drawoff tray t o  t h e  amoont 
passing t o  t h e  next  s tage.  
Another method which gave quadra t i c  con- - 
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COMP UTAT I ONAL CONS I DE RAT1 ONS 
The simultaneous co r rec t ion  method r e q u i r e s  t h e  estima- 
t i o n  of t h e  e f f e c t  of every temperature and flow change o n ' a l l  
m a t e r i a l  and energy belances.  The use of mat r ix  no ta t ion  seems 
necessary,  and it has been found d e s i r a b l e  t o  organize t h e  
programming s o  t h a t  mat r ix  handl ing subrout ines  are used f o r  most 
cb lcu la t ions .  The order  of c a l c u l a t i o n  of t h e  Jacobian mat r ix  
i s  a l s o  important.  All c a l c u l a t i o n s  f o r  one component should 
be done before  t h e  next  component is  s t a r t e d .  Carefu l  examination 
of t h e  equat ions w i l l  show t h a t  t h i s  can be done. Calcu la t ions  
can be ordered by components because t h e r e  is  no r e a c t i o n ,  and 
t h e  p a r t i a l  e n t h a l p i e s  and equi l ibr ium r a t i o s  a r e  assumed independent 
of composition. 
The flow c h a r t  used f o r  t h e  sample problems i s  s h o w  i n  
Figure 1. Equation re ferences  a r e  ind ica t ed  where appropriate .  
The program w a s  w r i t t e n  f o r  an I B M  7090 w i t h  32 ,000  words of 
core  s to raqe ,  and problems w i t h  up t o  2 5  s t a g e s  and 1 0  components 
can be solved without  a u x i l i a r y  s torage .  A d e t a i l e d  d e s c r i p t i o n  
of the program can be found i n  re ference  5 .  The t i m e  requi red  
i s  roughly p ropor t iona l  t o  t h e  number of components and t o  t h e  
square of t h e  number of s tages .  The four  stage problem requi red  
about 3 seconds p e r  i t e r a t i o n ,  and t h e  16  s t a g e  problems about 
4 0  seconds pe r  i t e r a t i o n .  
CONCLUS I ON S 
The mul t iva r i ab le  form of t h e  Newton-Raphson i t e r a t i o n  
method can be success fu l ly  used i n  t h e  s o l u t i o n  of the  steady- 
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s t a t e  equi l ibr ium s t a g e  problem. Equations have been developed 
f o r  c a l c u l a t i o n  of t h e  p a r t i a l  d e r i v a t i v e s  needed i n  t h e  Jacobian 
matrix,  and it has been shown t h a t  t h e  same equat ions can be 
used t o  so lve  a w i d e  v a r i e t y  of problems-dis t i l l a t ion ,  e x t r a c t i o n ,  
absorp t ion ,  and s t r ipp ing .  I t  has n o t  been necessary i n  t h e  
problems s t u d i e d  t o  d a t e  t o  p l ace  l i m i t a t i o n s  on t h e  s i z e  of the  
co r rec t ions ,  although t h i s  might be a u s e f u l  technique i f  t h e  
s t a r t i n g  va lues  a r e  f a r  from t h e  so lu t ion .  The flow p a t t e r n s  
need n o t  be countercur ren t ,  and it has been shown t h a t  interchange 
of v a r i a b l e s  permits  s o m e  f l e x i b i l i t y  i n  t h e  problem s ta tement ,  
while s t i l l  maintaining quadra t i c  convergence. 
I n  a l l  t h e  problems s t u d i e d  t o  d a t e ,  t h e  Jacobian mat r ix  
has been ca l cu la t ed  f o r  each i t e r a t i o n ,  T l i i s  g ives  t h e  f a s t e s t  
convergence, b u t  it i s  not  l i k e l y  t h a t  it is  t h e  most e f f i c i e n t  
from t h e  s t a n p o i n t  of computation. I t  has  been observed t h a t  
i n  t h e  v i c i n i t y  of t h e  s o l u t i o n ,  t h e  Jacobian mat r ix  changes l i t t l e ,  
so  t h a t  s e v e r a l  i t e r a t i o n s  using t h e  same cor rec t ion  mat r ix  would 
s e e m  t o  be a l o g i c a l  procedure. The u t i l i t y  of inc luding  i n t e r -  
s t a g e  i n t e r a c t i o n s  i n  the co r rec t ion  proeess-:seems t o  be c l e a r l y  
e s t a b l i s h e d ,  h u t  more work is needed t o  de f ine  t h e  most e f f i c i e n t  
computational methods. 
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Figure 1 
Flow chart  for simultaneous temperature  and flow c w r e a t i o n .  
N u m b e r s  i n  parentheses  refer t o  equat ions  i n  the text. . . ,. 
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NOT AT1 ON 
Matrices are i n d i c a t e d  by bold face  symbols, vectors by upper 
case symbols, and scalars by lower case symbols. 
A - = Vapor recyc le :  ai - i s  f r a c t i o n  of t o t a l  vapor leav ing  
stacja j t h a t  goes 40 stage i i f  i f j ,  and i s  -1 wben 
i = j .  
- I3 = Liquid r ecyc le :  b i j  is  f r a c t i o n  of t o t a l  l i q u i d  l eav ing  
s t a g e  j t h a t  goes t o  s t a g e  i i f  i # j ,  and i s  -1 i f  1 = j .  
C = Temperature and flow cor rec t ions :  C t , i  and, cv ,i are t h e  
Ct' temperature and flow c o r r e c t i o n s  fo r  stage 1. 
D, De = 74aterial and energy balance errors: dm,i and 'e,i 
are the  mater ia l  and energy balance e r r o r s  for stage i. 
E t ?  &v = Submatrices of Jacobian ma t r ix  : 
= ( ad  /av*) 
=: (ad  . / a t . )  : e v , i j  m , i  J e t , i j  r n , l  3 
i s  the ariount of f i j  - F, F ( j )  = Peed mat r ix  and jtii column of I?: component j i n  feed t o  s t a g e  i: 
G = Vapor enthalpy:  gi i s  en tha lpy  of a u n i t  m a s s  of vapor 
- G*' = P a r t i a l  en tha lpy  of vapor (d iagonal )  : g r 7  i s  the 
i n  s t a g e  i 
p a r t i a l  en tha lpy  of component j fo r  vapor i n  stage i. 
c, = Temperature dependence f o r  vapor enthalpy:  g = ( ag . / a t* )  
j t , i j  1 
-
t 
= (ag. /av*)  
% , i j  1 1  
G = Flow dependence f o r  vapor enthalpy:  
-V 
I1 = Liquid enthalpy:  h .  i s  en tha lpy  of one u n i t  mass of 
H * j  = P a r t i a l  en tha lpy  of l i q u i d  (d iagonal )  : h?J i s  the 
l i q u i d  i n  s t a g e  i. 
p a r t i a l  en tha lpy  of component j i n  stagei$ a - 
H = Temperature dependence f o r  l i q u i d  ent ' lalpy: ht  i .  = ( ahi /a t  . I  
-t ? I  3 
tI = Flow dependence f o r  l i q u i d  enthalpy:  h v , i j  = (ahi/av?i) 
7 - V 
J J = Submatrices of : jtrik = (ade t i /a \ )  ; jv,ik = (ad /av i )  -t, - V L e ,i 
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= Equilibrium r a t i o  matr ix  (diagonal)  : k j  = (yi j /x  ) i i j  - K j  
L = Liquid flow, Equation 3 T1 - 
L’ - I = r ixed  l i q u i d  flow. l i j  i s  a f l o v  of l i q u i d  from s t a g e  
j t o  i which i s  he ld  cons t an t  
L* = Vector formed from diaqonal  e l emen t s  of L*. - 
I d ,  PI’, M’, El’, M j  = Defined by equat ions 20, 2 1 ,  22, 23, 34, 35 T18, 
-1 -2 -3 -4 T19, T20, T21, 1 2  and 13 - 
N =: Normalization matr ix  (diagonal)  8 Equation 2 4  T22  - 
Q = Heat addi t ions :  qi i s  h e a t  energy added t o  s t a g e  i. 
f Q 
= Feed enthalpy:  qf  ,i i s  t o t a l  enthalpy of a l l  feeds t o  
s t a g e  i 
R = Defined by Equation 23 T21 - 




w w = 
-1’ -2 
A vec to r  cons i s t ing  of all ones. 
Vapor flow, Equation 4 T2 
Fixed vapor flow: 
t o  s t a g e  i which i s  he ld  constant .  
V i j  i s  a flow of vapor from s t a g e  j 
Vapor flow v a r i a b l e  (diagonal)  : V r  i s  t h e  sum of a l l  
vapor flows leaving s t a g e  i except  those i n  V. 
Vector formed from diagonal  elements of V*. 
Defined by equat ions 39, and 40 17, 18.  
X, - X (j) = Temperature dependence f o r  l i q u i d  composition : 
X’ t , i k  = ( X i j /  tk). 
= Plow dependence f o r  l i q u i d  composition: x j - ( Xi j /  v*l 
Temperature dependencefor vapor composition : ‘t , ik = Vyij/at)J 
v , i k  k 
is  composition 
Xj 
Y 
Y i  j Y, ~ ( j )  = Vapor composition and j t h  column of Y: of component j i n  vapor i n  s t a g e  i. - - 
= j Xt 
18 
= Flow dependence f o r  vapor composition: 
= - L + V K J  - -  
GREEK LETTERS 
= S u b s c r i p t  i n d i c a t i n g  i t e r a t ion  number 
= Jacobian matrix of errors  
SUBSCRIPTS 
= Energy balance 
f = Feed 
i.,j,k = I n d i c e s  f o r  matrices or vectors. 
Q 
m 
' '. t \' 




3 ,  
4, 
5, 
= Material balance 
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Plow Matrices: 1F,! * c- B L* + &' 
- V = - -  A V * + X '  
E q u i l i b r i u m  Relationship: Y ( j )  = K j X (j) 
C o m p o n e n t  Material Balance: (L + ,V ,K j ) X (j) = -F(j)  
c 
* 
z j  = -F ( j  1 - 
Overall Material Balance: ( & + . V ) u + g u  = 0 
Correction Vectors: Ct = (T)y+l - (T) 
Y 
c, = (v*)Y+l - (V*Iy 
Material Balance Error Measure: Dm = - _Y)U 
Correction Equations:. gt ct + gv c, = -% 
m 
zt C t  + tJv C v  = -De 
Jacobian Matrices st and gv 





Correct i o n  Correct ion 
Iteraation 
. N u n i b e r  
2.4 103 2.5 x 102 
8.0 2 1.0 x . l o  
1.6 x loA1 7.4 lom3 
* Based on One Mole of Absorber Liquid 
E r r o r  






and Temperature Correc t io i  
lDel * iDml * 
2.4 x 10 3.4 x 10-1 
1.1 x 102 1.1 x 10'1 
2.3 x loo1 1.8 x loo5 
Measures f o r  Subcessive I t e r a t i o i  of 
Four Stage A??sor5er Problem 
S t a r t i n g  Values 
ReEerence 3 
1.4 * p m l  ' .  
4.1 x l o 3  5.1 x 10-l- 
5.8 x l o 2  
2.9 x lo1 
8.3 x loo2 5.0 x 
1.3 x lou1 
8.9 x lom3 
S t a r t i n g  Values 
Reference 4 
I4 * lDml 
4.0 103 4.2 10-1 
1.6 x l o3  
3.8 x 102 
2.3 x 10-1 
6.9 x log2  
4.4 101 7.8 
2.6 10-1 3.6 
2.2 loo3 6.9 10-8 
* Based an One M o l e  of Feed 
TABLE 3 
Error Measures for Successrive I t e r a t i o n s  of 
S ix teen  Stage D i s t i l l a t i o n  Problem 
;21 
’Iteration 
N u n i b e r  
1”eI *. 
0 1.3 lo4 
1 2.5 ’X lo3  .. 
2 
1 
3.6 x 10 
2 . 1  x 10 
3.6 x loo2 
* Based en One M o l e  of Feed 
6 .2  x 10- l  
3,O x lo-’ 
5.4 x log2 
1.5 log3 
4.0 x log6 
Error Measures for Successive I t e r a t i o n s  of 
Multiple Column Problem 
